Abstract. It is proved that both oscillatory integral operators and fractional oscillatory integral operators are bounded on weighted Morrey spaces. The corresponding commutators generated by BM O functions are also considered.
Introduction
To investigate the local behavior of solutions to second order elliptic partial differential equations, Morrey [14] first introduced the classical Morrey space M p,q (R n ) with the norm f Mp,q(R n ) = sup
where f ∈ L p loc (R n ) and 1 ≤ p ≤ q < ∞. Here and after, B denotes any balls in R n .
M p,q (R n ) was an expansion of L p (R n ) in the sense that M p,p (R n ) = L p (R n ).
In [2], Chiarenza and Frasca obtained the boundedness of Hardy-Littlewood maximal function
Mf (x) = sup on M p,q (R n ).
The Calderón-Zygmund singular integral operator is defined by T f (x) = p.v.
where K is a Calderón-Zygmund kernel(CZK). We say a kernel K ∈ C 1 (R n /{0}) is a CZK if it satisfies
3)
|∇K(x)| ≤ C |x| n+1 (1.4) and a<|x|<b K(x)dx = 0, (1.5) for all a, b with 0 < a < b. Chiarenza and Frasca [2] showed the boundedness of T on M p,q (R n ). Here and subsequently, C will denote a positive constant which may vary from line to line but will remain independent of the relevant quantities. For 0 < α < n, the fractional integral operator I α is defined by
The boundedness of I α on M p,q (R n ) was established by Adams in [1] . For some works on the boundedness for the multilinear singular integral operators on Morrey type spaces, we refer to [5] , [21] and [23] .
In [7] , Komori and Shirai gave the definition of weighted Morrey space, which is a natural generalization of weighted Lebesgue space. Let 1 ≤ p < ∞, 0 < k < 1 and w be a function. Then the weighted Morrey space M p,k (w) was defined by
, and the supremum is taken over all balls B ⊂ R n . It is obviously that if w = 1,
. Also, Komori and Shirai [7] obtained the boundedness of HardyLittlewoood maximal operator M and Calderón-Zygmund singular integral operator T on M p,k (w) with 1 < p < ∞. When p = 1, the corresponding weighted weak (1, 1) type boundedness was also true [7] . Here A p and the following A (p,q) denote the Muckenhoupt classes [15] A p : sup
In the fractional case, we need to consider a weighted Morrey space with two weights which also introduced by Komori and Shirai [7] . Let 1 ≤ p < ∞, 0 < k < 1. For two weights w 1 and w 2 ,
with the norm
, and the supremum is taken over all balls B ⊂ R n . If w 1 = w 2 = w, then we denote
In [7] , the authors considered the weighted estimates of the fractional maximal operator M α
and the fractional integral operator I α with 0 < α < n. It is worth pointing out that the kernel in (1.2) is convolution kernel. However, there were many kinds of operators with non-convolution kernels, such as Fourier transform and Radon transform [13] which both are versions of oscillatory integrals. The object we consider in this paper is a class of oscillatory integrals due to Ricci and Stein [17] T f (x) = p.v.
where P (x, y) is a real valued polynomial defined on R n × R n , and K is a CZK.
It is well known that the oscillatory factor e ip(x,y) makes it impossible to establish the weighted norm inequalities of (1.7) by the method as in the case of Calderón-Zygmund operators or fractional integrals. In [18] , Sato established the weighted weak (1, 1) type estimate of T . The strong type weighted norm inequality of T was proved by Lu and Zhang in [11] with a more general case. For the other classical works about oscillatory integral, we refer to [9] , [10] and [12] . Inspired by [7] and [18] , we will study the weak type estimates for T on weighted morrey space, that is Theorem 1.1. If K is a CZK, w ∈ A 1 and 0 < k < 1, then there exists a constant C independent on the coefficients of P such that
A distribution kernel K is called a standard Calderón-Zygmund kernel(SCZK) if it satisfies the following hypotheses
and
(1.9)
The corresponding Calderón-Zygmund integral operator S and oscillatory integral operator S are defined by
where P (x, y) is a real valued polynomial defined on R n × R n . In 1992, Lu and zhang [11] proved that S was bounded on L p (w) with 1 < p < ∞, w ∈ A p by the methods of interpolation of operators with change of measures [22] . In [17] , Ricci and Stein also introduced the standard fractional Calderón-Zygmund kernel(SFCZK) K α with 0 < α < n, where the condition (1.8) and (1.9) were replaced by
(1.13)
The corresponding fractional oscillatory integral operator is defined by
(1.14)
where P (x, y) is also a real valued polynomial defined on R n × R n . Obviously, when α = 0, S 0 = S and K 0 = K. Recently, the authors of this paper obtained the weighted boundedness of S α in [20] . Partly motivated by the idea from [7] and the results of [11] as well as [20] , we now give another two results of this paper
, then for any real polynomial P (x, y), there exists constant C > 0 such that
where its norm depends only on the total degree of P , but not on the coefficients of P .
, 0 < α < n and w ∈ A (p,q) . For any real polynomial P (x, y), there exists constant C > 0 such that
where its norm depends only on the total degree of P , but not on the coefficients of P . If p = 1 and w ∈ A (1,q) with q = n n−α , then for all λ > 0, there exists constant C > 0 such that
We prove Theorem 1.1-Theorem 1.3 in Section 2. In Section 3, we set up the weighted norm inequalities for the corresponding commutators of S and S α , respectively. Throughout this paper all definitions and notations are standard. A weight w is a locally integrable function on R n which takes values in (0, ∞) almost everywhere. B = B(x 0 , r) denotes the ball with center x 0 and radius r. Given λ > 0, λB = B(x 0 , λr).
Weighted estimates for oscillatory integral operators
We begin this section with some properties of A p weight classes which play important role in the proofs of our main results.
When w satisfies this condition, we say w satisfies doubling condition.
(2) There exists a constant C > 1 such that
When w satisfies this condition, we say w satisfies reverse doubling condition.
(3) There exist two constant C and r > 1 such that the following reverse Hölder inequality holds for every ball 
Our argument based heavily on the following well-known results about T , S and S α .
Lemma 2.2. [18]
If K is a CZK, w ∈ A 1 , then there exist constant C > 0 independent on the coefficients of P such that
, then for any real polynomial P (x, y), there exists C > 0 such that
Lemma 2.4. [20] , [7] Let w ∈ A (p,q) , 0 < α < n, 1 < p < n α
. Then there exists constant C > 0 independent of P such that such that
When p = 1 and w ∈ A (1,q) with q = n n−α , then for all λ > 0, there exists constant C > 0 such that
We first give the proof of Theorem 1.
For any given λ > 0, we write
An application of (2.1) and Lemma 2.2 yields that
Next we turn to deal with the term II. An elementary estimate shows
We note that for x ∈ B and y ∈ (2B) c , |x 0 − y| < C|x − y|. Applying (1.3), we conclude that
|f (y)|dy.
Hölder inequality and the A p condition imply that
Then, Theorem 1.1 is a by-product of (2.7)-(2.8).
We now give the proof of Theorem 1.2. As in [7] , our method is adapted from [3] in the case of Lebesgue measure. Let 1 < p < ∞, 0 < k < 1, K be a SCZK. It suffices to show that 1
For a fixed ball B = B(x 0 , r), we decompose f = f χ 2B + f χ (2B) c := f 1 + f 2 and consider the corresponding splitting
Since S is a linear operator, so we get
It follows from Lemma 2.3 and (2.1) that
We are now in a position to estimate the term II. We note that for x ∈ B and y ∈ (2B) c , |x 0 − y| < C|x − y|. Applying (1.8), we conclude that
Then, using (2.2) we obtain
We get (2.9) by (2.10), (2.11) and (2.12). The proof of Theorem 1.2 is completed.
For the last part of this section, we show the proof of Theorem 1.3. Theorem 1.3 is a byproduct of Lemma 2.4 and the following observation
In the same manner, we can obtain the result for p = 1.
Weighted estimates for the commutators
The aim of this section is to set up the weighted boundedness for the commutators formed by S(S α ) and BMO(R n ) functions.
A locally integrable function b is said to be in
b(x)dx. We next formulate some remarks about BMO(R n ).
Lemma 3.1. [8] , [24] Let 1 ≤ p < ∞, b ∈ BMO(R n ). Then for any ball B ⊂ R n , the following statements are true (1) There exist constants C 1 , C 2 such that for all α > 0
The inequality (3.1) is also called John-Nirenberg inequality.
(2)
Lemma 3.2.
[16] Let w ∈ A ∞ . Then the following statements are equivalent (1)
where
For a locally integrable function b, the commutator formed by S(S α ) and b are defined by
Our main results of this section are Theorem 3.3. Let p, k, w, K and S be the same as Theorem 1.2. If b ∈ BMO(R n ), then for any real polynomial P (x, y), there exists constant C > 0 such that
Theorem 3.4. Let p, q, k, K α and w be the same as in Theorem 1.3. Then for b ∈ BMO(R n ), there exists constant C > 0 such that
The following results will play an important role in our analysis.
. Then for any b ∈ BMO(R n ), there exists constants C > 0 independent on the coefficients of P such that
For the term J, Lemma 3.2 implies
To deal with JJ, by (3.2), we have In the same manner we can see that As a by-product of (3.7) and (3.8), we have
Then, applying (2.2), the proof of (3.6) based on the following observation 
